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In this paper a Discrete Element Method (DEM) implementation is developed to study the mi-
cromechanics of liquefaction in granular materials. In a liquefaction event, the pore water acts as a
cushion between the grains, reducing the contact and friction forces and the overall soil strength. The
proposed model reproduces this phenomenon by introducing the effect of pore water as a constraint
over the DEM particles’ mechanics. The DEM particles will suffer resistance to any displacement
changing the pore volume, which takes into account the very small compressibility of water. It
is found that this constraint is enough to simulate soil liquefaction under quasistatic deformation.
Lastly, it is shown that the initial density of the granular skeleton, defined by the number of contacts
between grains, plays a critical role in determining if the soil will liquefy or not. This critical value
opens for the possibility of treating liquefaction in soils as a bifurcation problem.
I. INTRODUCTION
Liquefaction in soils is a hazardous phenomenon oc-
curring when the pores within the granular packing are
fully saturated with water. The behaviour of all satu-
rated granular materials will, to a smaller or greater ex-
tent, be affected by the excess pore pressures that tend
to be generated in response to loading. The exact effect
of the excess pore pressures on the overall response de-
pends on both the permeability of the material relative
to the rate of loading and on the material’s tendency to
contract or dilate. For coarse grained soils such as sand
and gravel, the permeability is such that the excess pore
pressures that would tend to be generated in response
to loading, dissipate before attaining a magnitude that
affects the overall response of the material. Such con-
ditions are typically referred to as ‘drained’. For fine
grained materials such as clays, the permeability may be
such that significant excess pore pressures build up and
only dissipate slowly with time. For such materials, the
state immediately after application of the load and be-
fore any significant dissipation of excess pore pressure
is referred to as ‘undrained’. Moreover, for very loose
sands that tend to compact significantly in response to
shearing, pore pressures of a magnitude sufficient to af-
fect the overall behavior significantly may be generated
even under small rates of loading. In this case, when the
soil is sheared, the water will effectively act as a cushion
between the grains, absorbing the applied pressure and
reducing the friction forces at the solid phase. With suf-
ficient reduction, the soil is unable to sustain any shear
stress. At this point the soil behaves like a liquid, becom-
ing liquefied [1]. Liquefaction is a critical hazard in the
field of Civil Engineering where soils losing strength due
to shearing may be the origin of collapses in foundations,
slopes, dams, etc.
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To illustrate the liquefaction effect graphically it is use-
ful to describe the soil shearing process under undrained
conditions in terms of the following quantities:
p′ =
σ′1 + σ
′
2 + σ
′
3
3
, (1)
q =
√
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2√
2
, (2)
where σi are the principal stresses, σ
′
i = σi−u, with u be-
ing the pore pressure, are the so-called effective stresses,
p′ is the effective mean stress and q is the deviatoric
stress [2]. Fig. 1 shows a typical soil shearing process
for three types of soils with different packing densities,
from loose to dense. The soils are initially compressed
isotropically (q = 0) from a zero stress state. Then, after
reaching a given mean stress, the soil is sheared, increas-
ing the deviatoric stress.
Denser soils follow a path where both p′ and q, owing
to a tendency to dilation, continue to increase. In con-
trast, loose soils follows a path where both p′ tends to
decrease somewhat owing to a limited amount tendency
to contraction. For very loose soils, this tendency to con-
traction may be such that p′ eventually becomes zero. At
this point the soil is liquefied. The three trajectories all
tend to converge to the critical state line (CSL)[3] which
defines the strength envelope.
Loose or dense soils are relative concepts, and most
criteria used in Civil Engineering to classify them are em-
pirical in nature. Despite a less than rigorous definition,
it is clear from Fig. 1 that relative density plays a criti-
cal role in the bifurcation of the different paths the soil
follows during undrained shearing. Such a strong bifur-
cation, commonly found in problems that are sensitive to
initial conditions and therefore chaotic, makes predicting
liquefaction a daunting task for the soil scientist.
This paper introduces a micromechanical model to
study the liquefaction phenomenon. It is based on the
commonly used Discrete Element Method [4] (DEM) to
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Figure 1. q vs p′ showing the difference between different soil
samples during undrained shearing. Sample (1) suffers a com-
plete collapse of the soil strength, signalling soil liquefaction.
Sample (2) suffers limited decrease of p′ with q. This happens
for loose sands as a result of a limited amount of compaction.
Finally, for sample (3), both p′ and q increase while tending
to the CSL.
model micromechanically soils and rocks [5, 6]. DEM
has been used before to model soil shearing during
undrained conditions [1, 7]. However, in these studies,
the undrained condition is imposed macroscopically by
keeping a constant volume in the simulated experimen-
tal test. As explained before, liquefaction occurs at the
grain scale, and therefore a microscopic law is introduced
to keep the pore volume constant during shearing. It will
be shown that the model is able to reproduce the be-
haviour of Fig. 1 and it also gives important information
about the physics occurring at the grain scale.
In Sec. II the mathematical foundation of the model
is introduced and the effect of some parameters is pre-
sented to see where the behaviour of Fig. 1 is reproduced.
Sec. III shows some results for different soils sheared un-
der undrained conditions. In this section, observations of
the mechanics at the pore scale are also presented. Fi-
nally, Sec. IV presents the conclusions and predictions of
the model.
II. THE MODEL
As mentioned in the introduction, the foundation of
the model is based on DEM. DEM describes the soil as
a discrete set of particles with their dynamics ruled by
Newton’s laws which are integrated numerically [8] for
both translational and rotational degrees of freedom. To
detect a collision, at each time step the overlapping of the
particles δ, as seen in Fig. 2 is checked and a linear dash-
pot law is imposed to calculate the force Fn between the
colliding particles,
~Fn = Knδnˆ, (3)
where Kn is a normal stiffness constant characterizing
the deformation of the material and nˆ is defined as the
normal unit vector at the plane of contact, parallel to the
line joining the sphere centres (Fig. 2).
δ
Figure 2. Collision of two spheres calculated as a spring pro-
portional to the overlapping distance δ.
Viscous forces ~Fv are introduced to dissipate energy
during the collision in a normal direction. Such forces
are proportional to the relative normal velocity between
the particles ~vn as,
~Fv = −meγn~vn, (4)
with me the reduced mass of the particle pair and γn
a viscosity constant, which depends on the restitution
coefficient e as [9],
e = exp

−γn
2
π√
Kn
me
− (γn
2
)2

 (5)
Frictional forces ~Ff are introduced by keeping track
of the tangential relative displacement ~ξ which is the
time integration of the relative tangential velocity ~vt (i.e.
~ξ =
∫
~vtdt). The frictional force follows the following for-
mula,
~Ff = −min(Ktξ, µFn)tˆ, (6)
where µ is the friction coefficient, Kt is a tangential stiff-
ness and tˆ is the tangential vector in the contact plane
(Fig. 2) which is always parallel to ~vt.
Finally, a rolling resistance model is also introduced
to the DEM formulation to represent the effect of non-
spherical shapes in real grains. Perfect spheres can
always roll, mitigating the effect of frictional forces,
whereas real grains will always have a resistance to rolling
due to the shape [10]. To introduce the rolling resistance
model used in this study, first the rolling displacement ~ξr
3is defined as the time integration of the objective rolling
velocity ~vr (i.e. ~ξr =
∫
~vrdt). This velocity is defined
as [11],
~vr = Re(~ω1 − ~ω2)× nˆ, (7)
where ~ω1,2 is the angular velocity vector of each of the
spheres in contact and Re is the effective radius of the
pair. With the rolling displacement, a rolling resistant
force ~Fr is defined as,
~Fr = −min(βKtξr, ηµFn)~vr
vr
, (8)
with β the rolling resistance stiffness coefficient and η
is the plastic moment coefficient. This force, in turn,
produces a rolling resistance torque ~τr defined as,
~τr = Rnˆ× ~Fr. (9)
This torque is the one introduced into the equations of
motion for the particles. Once all the forces and torques
are added, the equations of movement are numerically
integrated. The presented DEM formulation has been
validated before with experimental data [12, 13] and is
included in the Mechsys open source multi-physics simu-
lation library [14].
The second part of the model is the introduction of
the effect of water for undrained shearing conditions. In
order to do this, the pore space between contacting grains
is divided into a Delaunay tessellation. For this stage, the
CGAL library was used [15]. Undrained conditions are
imposed by adding forces, applied to the nodes (DEM
particles), resisting volume changes (Fig. 3). In order to
deduce such forces, a continuum mechanics approach is
taken for the pore water, as it is usually the case for Finite
Element Analysis (FEA) [16] in its weak form. The first
equation comes from the conservation of momentum,
∇Tσ = ∇T (Iu) = ~0T (10)
∇T (Iu) · ~m = 0, (11)
where σ = uI and I are the stress and identity ten-
sors, ~mT = (1, 1, 1) and u is the pore pressure. In this
equation, it has been assumed that the pore space is an
isotropic material unable to sustain any shear stresses
and the stress tensor is diagonal. Viscous and inertial
forces are also ignored since the goal is to simulate quasi-
static conditions were these forces are negligible. This
are the desired properties to represent pore water for this
study.
By multiplying Eq. 11 the displacement vector s˜T =
(∆x1,∆y1,∆z1,∆x2, ...) (a transposed vector with 12
components, 3 for each node),
s˜T∇T (Iu) · ~m = 0˜, (12)
and then integrating over the element volume V the fol-
lowing equation is obtained,∫
V
s˜T∇T (Iu) · ~m dV = 0˜. (13)
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Figure 3. A single pore, represented as a tetrahedron with
nodes positioned at the center of 4 DEM particles in contact.
The vectors ~aij connecting different node pairs are used in
the development of the mathematical constraint.
Integrating this by parts, and using the divergence theo-
rem to turn the volume integral into a surface integral, an
equation for the force vector f˜ (a 12 component vector)
over the nodes is obtained,
s˜T f˜ =
∫
V
(∇T s˜ · ~m)(u)dV. (14)
At this point, a FEA approximation is taken [17] for the
differential operators,
(∇T s˜ · ~m) ≈ s˜T BT · ~m, (15)
where B is a shape function of the form,
BT =
1
6V
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(16)
that depends on the normal vectors (Fig. 3),
~n1 = ~a24 × ~a34
~n2 = ~a34 × ~a14
~n3 = ~a14 × ~a24
~n4 = ~a21 × ~a31.
(17)
The 12-component force vector is reduced to,
f˜ =
1
6
N˜u, (18)
where N˜ = BT · ~m = (n1x, n1y, n1z, n2x, ...). From this,
the force ~F i over each one of the DEM particles can be
formulated as,
~F i =
1
6
~niu. (19)
which is proportional to the pore pressure and goes in
the direction of the normal vector opposite to the corre-
sponding node. This is an important feature of the model
4Constant Description
Kn = 1.0 MN/m Contact normal stiffness
Kt = 1.0 MN/m Contact tangential stiffness
µ0 = 0.0 − 0.2 Microscopic friction coefficient for the
isotropic compression stage
µ = 0.2 Microscopic friction coefficient for the
undrained shearing stage
e = 0.2 Restitution coefficient
β = 0.12 Rolling resistance stiffness coefficient
η = 1.0 Plastic moment coefficient
Table I. Microscopic constants for the DEM simulations.
since any translation of the node that is tangential to the
opposite face will not change the element volume. Only
translations that are normal to the opposite face change
the pore volume and these forces oppose such change.
The final element of the model is the constitutive re-
lation for the pore pressure u. It is assumed that the
pore water is compressible and characterized by a bulk
modulus Kw. The linear constitutive relation assumed
in this study is,
u = −Kw∆V
V
= −Kwǫv, (20)
and so the pore pressure is proportional to the volumet-
ric strain ǫv. If the volume is reduced, the pressure is
positive and the forces will work towards expanding the
tetrahedral element and vice-versa. These new forces are
added to the net force of each particle before the integra-
tion step [13].
A triaxial test was programmed by enclosing an en-
semble of DEM spheres within six rigid walls as seen in
Fig. 4. 14000 spheres of random radiiR varying from 0.45
to 0.9mm and density ρ = 3000kg/m3 were taken as the
granular sample. The length size of the triaxial cubic cell
is approximately 2cm (it changes slightly as the sample
is sheared), so any pressure gradient produced by gravity
can be ignored. The sample parameters are included in
Table I. The triaxial tests by compressing the sample
isotropically with a pressure of 5kPa. Then the shear-
ing stage starts by moving the lids in one direction with
a constant strain rate ǫ˙z while keep applying isotropic
pressure on the other two directions. This is the “3 to
1” stress path, so called because of ∆q/∆p = 3 [2]. At
this stage is important to ensure quasistatic conditions
by keeping the inertial number I = ǫ˙zR
√
ρ/p close to
0.001 [18], which gives an upper boundary for the value
of ǫ˙z.
At this stage is important to introduce the concept
of effective stress, commonly found in soil mechan-
ics [19]. Effective stress is defined as the difference be-
tween the total stress and the pore water pressure. Micro-
mechanically it can be interpreted as the stress sustained
by the elastic and friction forces between grains in con-
tact. The Christoffersen’s tensor [20, 21] calculates the
effective stress tensor σ′ij , from the components of the
Figure 4. A triaxial test with different stresses applied on the
walls.
contact forces fi and the vector joining the pair’s centers
of mass bj ,
σ′ij =
1
V
∑
contacts
fibj , (21)
where the summation is over all the contacts found in vol-
ume V . The contact forces include only the elastic and
frictional forces and ignore the forces due to the pore wa-
ter (Eq. 19) and therefore represent the effective stress
over the grain fabric. With the definition of the effective
stress tensor, the effective pressure p′ (Eq. 1) and devia-
toric stress q (Eq. 2) can be obtained from its principal
values. It is worth noting that q′ = q whereas p′ 6= p.
A critical implementation detail comes from the calcu-
lations of the pressure in the pores. When the pressure
in Eq. 20 is considered locally at each cell, the sample be-
comes stiff, and it never fails. This can be seen in Fig. 5
where the q is shown as a function of ǫz. In a dry fric-
tional soil, as in the case of Kw = 0, q eventually reaches
a plateau signaling the soil failure. In contrast, for the
case Kw = 10 MPa, the individual cells are not allowed
to deformed enough due to the interlocking of the DEM
particles. This interlocking at the cell level leaves little
freedom for the DEM particles to be displaced relative
to their neighbors. This problem is well known in FEA
as the volumetric locking [16] and is produced by the re-
duced freedom the tetrahedral mesh possesses.
To solve this problem, it was found that the pressure
should be calculated not over a single pore but over a sub-
set of connected pores. The METIS library [22] was intro-
duced to carry out this domain decomposition of neigh-
bor pores. Firstly a graph was produced with nodes rep-
resenting the individual cells and segments showing the
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Figure 5. Deviatoric stress versus axial strain.
connectivity between neighbor cells. Then the METIS li-
brary was used to obtain a partition of this graph. Fig. 6
shows the partition algorithm which calculates the pres-
sure of Eq. 20 for the subset of cells instead of the indi-
vidual ones, characterized by the mean number of cells
grouped in it Nc. This gives enough freedom for the sys-
tem to allow shearing without extreme interlocking and
still keeping the bulk pore volume constant.
Figure 6. Partition of the cell set into two subsets for pres-
sure calculation. The different colors represent two different
partitions. The size of the partition is determined by the cell
number Nc which for the case of the figure is equal to 8.
Different partitions were considered with a variable
number of cells Nc in Fig. 7 where a q vs p
′ plot is
introduced as in Fig. 1. As can be seen, introducing
this partitions help to achieve the desired phenomenon
where both p′ and q decrease as the sample is sheared.
The effect of Nc is significant with smaller values given
larger growing rates for q. Eventually for the original
case Nc = 1, q will grow unbound due to the interlocking
described before. In contrast, larger values of Nc seem
to reduce this trend. In all the cases considered, lique-
faction is achieved, so a value of Nc = 33 was chosen for
the remaining of this study. Future studies should con-
sider Nc as a size of connected pores diffusing the water
pressure u during the shearing time, in this way connect-
ing this parameter with the soil hydraulic conductivity.
An interesting conclusion from this observation is that
for zero conductivity (Nc = 1) there is no liquefaction.
When water is not allowed to leave one pore, the pressure
produces particle interlocking, resisting shearing and in-
creasing the soil strength.
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Figure 7. q versus p′ for different values of the pore partition
size Nc.
Once the partition size was determined, a second test
was conducted to check the effect of the water bulk mod-
ulus Kw. Several values were considered ranging from
Kw = 0 to 10MPa. In Fig. 8 the sample volumetric
strain is plotted against ǫz. This sample volumetric strain
is calculated by adding the volume of each one of the
tetrahedral cells for each time. This sample behaves like
a loosely packed soil, subjected to an initial reduction of
volume as it is sheared. However, as Kw increases, the
tendency to contract is reduced. The maximumKw value
of 10MPa guarantees a very small volumetric strain on
the order of 10−5 which is sufficient for the main goal
to achieve a constant volume (up to a tolerance) under
shearing. Further increments in Kw will just increase
the precision, although, due to the explicit nature of the
DEM, as the general stiffness of the system increases,
smaller time steps will be needed for the numerical in-
tegration, greatly increasing computational time. As it
will be shown later on, this is unnecessary since lique-
faction can be reproduced from this model by ensuring
this minimum volumetric strain. An important caveat
6for this implementation is the comparison between the
bulk modulus of the water and that of the grains. A
good estimate of the Young modulus E of the grains is
E = Kn
2R
[13] giving a value for the largest particle of
E = 55MPa which is larger than Kw. Also, the total
deformation of the grains did not achieve values larger
than 0.01% of the particle radius since this threshold was
always monitored. It can be said then that the volumet-
ric pore space deformation comes from the pores and not
from the overlapping of the spheres.
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Figure 8. Sample volumetric strain versus axial strain.
Fig. 9 shows the q vs. p′ plot for the different values
of Kw. As can be seen, smaller values of Kw produce
no liquefaction, with q growing in par with the total
stress. Larger Kw values, where the sample volumet-
ric strain is constrained to small values, show indeed the
onset of liquefaction as described in Fig. 1. When the
value of Kw is small, and the sample tends to contract,
the grains increase their contacts by reducing the pore
size increasing both p′ and q. In contrast, when the vol-
ume change is kept small and the sample is loose, grains
will lose contacts during shearing, reducing the overall
soil strength. This is the micromechanical origin of soil
liquefaction which will be further explored in the next
section.
III. RESULTS FOR UNDRAINED SHEARING
FOR DIFFERENT SAMPLE DENSITIES
Several soil samples were prepared with different den-
sities. This was achieved by changing the friction coef-
ficient during the isotropic compression stage (µ0 lower
than the friction coefficient during shearing µ). After
this stage is over, the friction coefficient is fixed again to
a value of 0.2, and then the sample is sheared. Fig. 10
shows the obtained behavior for the different initial fric-
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Figure 9. q versus p′ for different values of the water bulk
modulus Kw. The solid line represents the total p and q
measured over the walls for comparison.
tion coefficients. The effective pressure p′ and deviatoric
stresses q for all samples are compared with the total
stress measured at the triaxial test walls. The results
show that loosely packed sample (µ0 = 0.2), liquefies
after a given deformation, whereas the densely packed
one (µ0 = 0.0) increases its strength. Fig. 10 shows also
graphically the value of the bulk pore pressure ub, calcu-
lated as the difference between the total pressure at the
triaxial test walls and p′. For all samples, ub is nega-
tive initially, signalling dilation of the soil. At this stage
the pore pressure force (Eq. 19) pulls the grains together,
increasing the friction and the overall soil strength. How-
ever, the loose samples experience a transition where ub
changes sign, becoming positive and pushing the grains
apart. This effect reduces the friction of the soil matrix
and in turn, acts as the onset of a liquefaction event.
Fig. 12 also shows the key characteristics displayed in
Fig. 1, including the CSL envelope where all the trajec-
tories converge. This proves that the model is capable of
reproducing the liquefaction effect quantitatively.
Soil liquefaction can be seen clearly by plotting the
p′ and q as a function of the axial strain ǫz in Figs. 11
and 12. As can be seen for the sample µ0 = 0.2, both
p′ and q reach a peak value at the beginning of shearing
(before ǫz = 10
−4) and then suddenly drop to negligible
values. At this point, the pore pressure is equal to the
total stress imposed on the triaxial test walls and the
soil is providing no shear resistance. This behavior is
contrasted with the dense soil (µ0 = 0.0) where both
peff and qeff keep increasing, despite some fluctuations.
In these cases, pore water is actually increasing the soil
strength and its shear stress resistance.
As mentioned in the introduction, dense and loose
packings are still relative definitions, that still create a
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Figure 10. q versus p′ for samples prepared with different
initial coefficients µ0. The solid line represents the total p
and q measured over the walls for comparison.
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Figure 11. p′ versus axial strain.
significant difference on the onset of a liquefaction event.
In order to analyse what happens with the solid skele-
ton, the evolution of the coordination number [23] Cn is
studied. Cn is defined as the average number of contacts
per particle. Fig. 13 shows that the samples have differ-
ent initial Cn values ranging from 4 to 6. there seems to
be a critical value between 4.5 and 5 differentiating sam-
ples that liquefy from the ones that gain shear strength.
This critical value, which must depend on the soil size
grading, acts as a bifurcation point separating both tra-
jectories. The loose samples saw their granular skeletons
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Figure 12. q versus axial strain.
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Figure 13. Cn versus axial strain.
destroyed, by particles having on average less than one
contact, whereas in dense samples the granular skeleton
structure remains consistent through the shearing pro-
cess. In this preliminary study, the different initial values
for Cn were achieved by changing µ0 which is impossible
to do in a real soil. In practice, liquefaction prevention is
achieved by consolidation of the soil, which in some cases
can be a lengthy process.
8IV. CONCLUSIONS
A numerical method is introduced to simulate lique-
faction in soils. Liquefaction occurs when the pore water
resists compression, due to its high bulk modulus, exert-
ing a repelling force over the grains and counteracting the
contact and friction forces on the soil skeleton. When this
happens, the soil is incapable of resisting shear stresses
and it starts behaving like a fluid, hence the term lique-
faction.
The proposed algorithm is based on the Discrete El-
ement Method which is popular to study the micro-
mechanics of granular materials. It models the individual
mechanics of grains by means of simulating the contact
and friction forces. The effect of water is introduced into
the algorithm by diving the pore space into a Delaunay
tessellation where the particles are positioned at the cells’
nodes. Then forces opposing volume changes are applied
to each cell. Once these forces are added to the con-
tact and friction forces, the DEM particles’ equations of
motion are solved.
Initial testing showed that the constant volume con-
straint acted as a strong condition over individual cells.
Liquefaction was obtained by grouping cells together and
calculating the total volume change and pressure over
these subsets. This was achieved by a graph decomposi-
tion algorithm ensuring that the subsets are formed from
connected cells. A number of cells per partition Nc = 3
was chosen, although, as shown in Fig. 7, liquefaction
was observed for a broad range of Nc values. Nc must be
related to the characteristic time that the pressure takes
to the diffused between connected pores, and hence, it
is related to the hydraulic conductivity. An extension of
this model could consider pressure diffusion to obtain a
fully dynamic model.
Different samples were sheared under triaxial condi-
tions with different initial densities. The initial density
was controlled by changing the friction coefficient at the
isotropic compression stage. It is shown that loose sam-
ples are susceptible to liquefy when the effective stress
on them becomes zero during shearing. In this case,
the pore pressure sustains to total stress imposed on the
sample and the grains are suddenly floating without con-
tacts. This does not occur on dense samples which are
able to resist shearing and maintain their contact net-
work through deformation.
To characterize this, the evolution of the coordination
number Cn (average number of contacts per particle) was
also observed. It is shown that there is a critical value
of Cn differentiating a liquefaction event from a stable
situation. Future studies should focus on the dependence
of this critical Cn on the soil grain size distribution and
grading.
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